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1 Introduction

Solid-state lasers (Koechner 1976) in the power range of 10W to 100W offer a wide range of industrial and scientific
applications,suchasmaterialprocessing,lasersurgeryandspectroscopy.Conventionalsolid-statelaserspumpedby flash
lampsnormallyhavealow degreeof efficiencyin additiontobadbeamquality.With today’scommerciallyavailablehigh
power diode lasers, longitudinal diode pumping of solid-state lasers has become much more interesting, since it offers
more efficient laser operation together with high beam quality. Although longitudinal pumping reduces the overall heat
load on the laser material (compared to conventional flash lamp pumped systems), thermally-induced beam distortions
remainamajorproblems.Formostapplications,however,agoodbeamquality is mandatoryfor efficientoperations.The
thorough study of thermal problems is therefore one of the main concerns in designing solid-state lasers.

The following presentation aims at establishing a numerical simulation of diode-pumped solid-state lasers, in order to
predicttheirperformance.Resultsobtainedfrom thenumericalmodelsarediscussed,experimentaldatabeingpresented
in the paper by Pfistner et al. (1992). In addition, the system’s capability to deal with coupled field problems is briefly
exposed.

The numerical simulation of the mechanical and optical properties of solid-state laser rods
illustrates the capability of the presented open system to deal with various field problems
arising in physics and engineering. A numerical simulation of the thermal, the mechanical
andtheopticalbehaviourof end-pumpedsolid-statelasersbasedonfinite elementandfinite
difference methods is presented. Experimental data are to be found in Pfistner et. al. (1992).
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Figure 1: Schematic display of typical laser resonator crystalspecimens.
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The numerical simulation of the behaviour of diode-pumped solid-state lasers can be divided into three sub-problems:

1. Calculation of the heat deposited in the laser: A ray-tracing method is used to calculate the heat deposited by the
pum laser(s) in the laser.

2. Analysis of the thermal behaviour of the crystal under the steady-state heating induced by the pump laser:
Variations in temperature create stresses in the crystal inducing a variable index of refraction due to thermal
dispersion.

3. Analysis of the deformations and the stresses in the crystal due to the heating induced by the laser light:
Deformations of the surface change the reflective properties of the crystal, thus introducing aberrations. Stresses
induce additional modifications of the index of refraction due to the elasto-optic effect.

4. Analysis of the optical performance: As a consequence of the changes of the refractive index field calculated in
steps 1 and 2, the steady-state laser field can be computed by means of the method of resonant excitation
(Frauchiger).

The specimens studied are cylindrical and prismatic bars (see figure 1). Depending on the material properties the
cylindrical bars may be studied assuming axisymmetry. Typical materials are Nd:YAG, Nd:GSGG and Nd:YLF
materials. The material properties are listed in table 1. Nd:YLF has isotropic mechanical properties, but the thermal
expansion coefficients are orthotropic.

Thethermalconductivitypropertiesof all materialsstudiedareisotropic,but theconductivitycoefficientis a functionof
the temperature (see figure 2. The nonlinear thermal conductivity effect will be small for materials that exhibit a small
temperature rise. However, for materials like Nd:GSGG the effect is quite considerable: The non-linear behaviour leads
to an augmentation of the temperature of around 25% compared to the linear solution. Consequently, stresses will also
increase significantly.

Table 6-1  Material constants

Material property Nd:GSGG Nd:YLF Nd:YAG

Thermal conductivity k [W m-1K-1]
(All materials are isotropic)

6 6 13

0.000 30.000 60.000 90.000 120.000 150.000
Ambient temperature T [C]

4.000

4.500

5.000

5.500

6.000 Thermal conductivity k [W/m], YLF/GSGG material

Figure 2: Thermal conductivity of
GSGG/YLFmaterialasa functionof theambienttem-
perature.

Thermal conductivity function:
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This multi-physics problem is data driven, i.e. as soon as certain data is available a new module can be started. Figure 3
schematically displays the order of the operations. FIrst, a mesh is produced. The heat deposition module then computes
the heat at each node of the mesh due to the pump laser(s). This heat vector is then piped in the thermal analysis module
which produces a temperature distribution at the nodes of the thermal analysis computational mesh. Figure 4 shows a
typical input to the B2000 Input Processor. Once the thermal problem is solved the data base contains the temperature
distribution at the mesh nodes. This information is transmitted to the deformation analysis module, together with the
description of the mesh (which is the same as for the temperature analysis problem).The stress analysis module reads the
temperature distribution data objectsand computes the equivalent nodal forces resulting from the thermal pre-stress. The
nodal forces become the right-hand side of the stress analysis problem. Displacements, strains and stresses are computed
by the stress analysis module. All data needed to run the optical propagation module, i.e temperatures, displacements,
strains, and stresses are now available. Since strains and stresses are computed element-wise at the element integration
points they have to be extrapolated to the mesh nodes. All nodal values are then interpolated to the optical mesh.
Temperatures and strains will be used to compute the variable index of refraction. The displacements will be used to
compute update coordinates for the propagation of the electrical field.

Thermal expansion coefficient αT [K-1] 6.9×10-6 13×10-6,
8×10-6

8.2×10-6

Modulus of elasticity E [MPa] 210000 75000 310000

Poisson ratio ν 0.28 0.33 0.3

Absorption coefficient α [m-1] 0.227 0.045 0.091

Index of refraction n 1.94 1.47 / 1.448

 at 300 K (×10-6 K-1)
10.5 -4.3/-2.0 7.3

Elasto-optical coefficients , , -0.012, 0.019,
-0.0665

-0.029, 0.0091,
-0.0615

Pump waist radius [m] 125×10-6 125×10-6 125×10-6

Laser wavelength [nm] 1062 1047/1053 1064

Pump laser wavelength [nm] 809 797 809

Table 6-1  Material constants

Material property Nd:GSGG Nd:YLF Nd:YAG

T∂
∂n

p11 p12 p44

time

Figure 3: Schematic view of modules and data flow during solid-state multi-physics Laser analysis.
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2 Thermal analysis

Thethermalanalysisof resonatorsis modeledby meansof thesteady-stateheat-conductivityequation(Poissonequation)
with non-linear conductivity coefficients

Eq. 2

Eq. 3

T standsfor thetemperatureandqV andqs for theheatpervolumeor persurfaceunit. denotesthethermalconductivity
alongthei-thaxisand thethermalconductivityin anarbitrarydirectionn. Thesteady-stateboundaryconditionsconsist
of constant temperature values (Dirichlet conditions on boundary) and convection conditions (Neumann conditions)
on the boundary  (Newton’s law of cooling):

Eq. 4

designatesthesurroundingtemperature.Toformulatethestandardisoparametricelementswestartfromthefunctional
which is obtained by multiplying Eq. 2  withT and by integrating by parts:

# Parametrize geometry and discretization:

{Radius=0.0015} {Length=0.005}
{Nrow=41} {Ncol=21}

title ’Cylindrical YAG crystal [w,m,kg,N,C]’
# define subdomain 1
branch 1
# element patch is rectangular plate
  patch nolist

geom plate
nrow {Nrow} ncol {Ncol}
type Q8_ALAP mid 1 nint=2
p1 0. 0. 0.
p2 {Length} 0. 0.
p3 {Length} {Radius} 0.
p4 0. {Radius} 0.
endpatch

# Dirichlet boundary conditions on last row
  bound

val 0. dof 1 {Nrow*Ncol-1)+1}/{Nrow*Ncol}
endbound

  endbranch
# element material constants
ematerial

mid 1
type laplace k 13.
endmid

endematerial
run

Figure 4: Input description of thermal problem.
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Eq. 5

Thefirst expressionstandsfor thepotentialenergystoredin thebody andthesecondandthethird onesfor theexternal
energy. The third expression describes the heat transfer on the body surface. Assuming constant coefficientsk the
variation  leads to the form

Eq. 6

Eq. 6  is now integrated in discrete form by means of the isoparametric approximations of the coordinates and of the
temperature field defining the element

Eq. 7

Thethermalanalysisprocessbymeansof finite elementsis well known(seefor instanceBathe1982).It will beillustrated
here for the derivation of the radiation boundary condition elements, i.e. the last integral expression in Eq. 6 , since the
latter add contributions to the discrete operator. The integration will therefore be performed over the surface only, i.e.

. The surface of the radiation element is approximated by

Eq. 8

The base vectors  of any point on the surface then become

Eq. 9

and the infinitesimal surface element

Eq. 10

Substitute Eq. 8 and Eq. 10 in last expression of Eq. 6

Eq. 11

Thefirst termto theright of Eq.11canbeformulatedasone-dimensionalelementsduringaxisymmetricanalysisandas
four to eightnodetwo-dimensionalsurfaceelements(seefigure5). Thesecondtermto theright of Eq.37 is addedto the
source terms.

The inner heat generated by the pump laser, i.e. the pump distribution, is modeled by means of the source term

Eq. 12

andtheexpressionfor theheatdistributionmayeitherbeintroducedasaprocedurewhich is compiledin thecode,or as
anexpressionwhichwill beevaluatedwhile theinputdataarecompiled.Theheatsourceis proportionalto thepumplaser
light absorption. A typical heat source for the cylindrical specimen based on a Gaussian distribution is given below:
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Eq. 13

 denotes the thermal absorption coefficient of light and  the pump laser light frequency. Q is the thermal power
absorbed by the crystal per unit volume (heat load) and  is the length of the rod. Figure 5 displays the mesh geometry
and the boundary conditions for a 3D case. Figure 6 shows the distribution of heat source generated by the pump
function .

The solution of the problem, i.e. the temperature field , is determined by the linear macro-processor (see Chapter 4), if
the thermal conductivity  is constant. In case of temperature-dependent thermal conductivity as in Eq. 1  a nonlinear
solution procedure must be adopted. The method used here is the modified Newton iteration scheme. This method is
sufficient for non-linear behaviour as in Eq. 1 where the tangent matrix is always positive. The modified Newton iteration
macro-processor has been mentioned in Chapter 4. It requires the first variation and the second variation of the
expression of the discrete form of Eq. 6 . The second variation  is computed for the initial step

Eq. 14

i.e. it corresponds to the linear solution. During the iteration process  is evaluated by means of the current i-th
solution

Eq. 15

The converged temperature field T in the form of the data object

TEMP.ibr...icase

is stored on the common data base file ready to be processed by the stress analysis processors. In the case of one single
sub-domain and one heat and boundary condition distribution only, it reduces to

TEMP.1...1

The example solution of a cylindrical model pertains to a Nd:GSGG specimen of length l=0.005m and radius r=0.0015m.
The pump distribution and the temperature distribution for the Nd:GSGG case is shown in figure 5. The effect of the
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Figure 5: Thermal analysis: Computational mesh and boundary conditions (Nd:YLF)
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temperature-dependent thermal conductivity  is non-negligible: For Nd:YLF material the rise in temperature due to
temperature-dependent  is about 5.5%. For Nd:GSGG material it increases to about 23%.

3 Analysis of deformations and stresses

The numerical model adopted for this application relies on the standard displacement-based finite element method. The
standard linear analysis makes use of right-hand side terms (forces) generated by the temperature distribution which has
been obtained by the thermal analysis. These forces are caused by the initial stresses which are generated by the thermal
expansion :

Eq. 16

In the variational formulation

Eq. 17

the prestress  generated by the temperature field can actually be transferred to the right-hand sides si

Eq. 18

The standard displacement-based isoparametric formulations for the geometry

Eq. 19

and for the displacement field

Eq. 20

k
k

Figure 6: Axisymmetric thermal analysis of Nd:GSGG, front side not cooled. Heat distribution for beam waist radius of
0.125 mm (left). A narrow segment of 0.28 mm is shown, since the heat source is concentrated around the beam axis. Tem-
perature distribution for beam waist radius of 0.125 mm (right).
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leadto four andeightnodeplaneor axisymmetricelements,aswell asto eightandtwentynodevolumeelements.These
procedures have been well documented (e.g. Bathe 1982). As in the case of thermal analysis, the new elements are
introduced in the element and strain processing modules.

Examples of calculations of the thermally-induced stress analysis of an axisymmetric Nd:GSGG rod and the three-
dimensional analysis of a Nd:YLF rod:

• The Nd:GSGG material exhibits isotropic thermal expansion behaviour. An axisymmetric analysis is therefore
sufficient,andthesamemeshastheonefor duringthermalanalysiscanbeused.Figure7 displaystheinitial and
the deformed mesh. The deformations on the left face of the cylinder are in the order of 500nm.

• Nd:YLF materialhasorthotropicthermalexpansioncoefficientsalongthetwo crystalaxes and . A three-
dimensional analysis has therefore been performed in order to evaluate the influence of orthotropic thermal
expansion coefficients on the deformation and on the stresses. Due to symmetry a fourth of a cylinder can be
modeled. Results of figure 8 confirm the experimental observation, i.e. the deformation is elliptical.

x2 x3

Figure 7: Axisymmetric deformation analysis of Nd:GSGG rod: Initial mesh (left) and deformed mesh (right).

Figure 8: Axisymmetric deformation analysis of a
Nd:GSGG rod: Hoop Stress distribution (units in psi).
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Figure 9: 3-dimensional deformation analysis of Nd:YLF rod due to non-linear thermal behaviour: X-y plane view of de-
formed mesh (top), x-z plane (middle) and y-z plane (bottom). Deformations are amplified by a factor 1000.

Figure 10: Three-dimensional
non-linear thermal deformation
analysis of Nd:YLF: Hoop stress
distribution (units in MPa).
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4 Optical analysis

Theopticalperformanceof thelaseris studiedby propagatingaplanewavethroughtheinhomogeneouscrystalaccording
to the scalar wave equation (Siegman1986)

Eq. 21

 represents the complex electromagnetic field. Laser light essentially vibrates at a single frequency, leading to the
following assumption for the electrical field

Eq. 22

The field propagates in the direction of. Eq. 22  is inserted in Eq. 21 . The resulting form is also referred to as the
paraxial wave equation (2-dimensional case):

Eq. 23

How are the thermal effects now influencing the above equation? On the one hand there are the crystal deformations,
which will be introduced in the numerical model by the coordinates and by the displacement field. One the other
handthereis themodificationof theindexof refractiondueto thethermaldispersionandthestrain-inducedbirefringence
effect:

Eq. 24

and

Eq. 25

The calculated strains are related to the index of refraction by the photo-elastic effect

Eq. 26

The strains are normally computed with respect to the element local or the global coordinate system. In case of
axisymmetricanalysis,theglobalcoordinatesystemcoincideswith thesystemin whichthetensor hasbeendefined.
Dependingonthecoordinatesystemin which thecomponentsof aredefined,achangeof referenceframemightbe
necessary.

Cylindrical resonators can be modeled in 2 dimensions by assuming axisymmetry (see figure 1):

Eq. 27

z andr refer to usual conventions in cylindrical coordinates, whilexi refers to the coordinate system of the numerical
analysis program.

Eq. 28
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The resulting system of coupled equations is obtained by splitting the complex electric field into its real (U) and complex
(V) parts:

Eq. 29

Eq. 29  is then decomposed into two equations:

Eq. 30

The terms

are much smaller compared to the derivatives with respect to  and may therefore be neglected:

Eq. 31

The discrete form of Eq. 31 result in an unsymmetrical system of equations. A direct solution method is unsuitable in this
context, since the resolution needed will create excessive overhead there. A time-marching scheme is therefore chosen
(see Richtmyer and Morton 1967). It proves to be the most efficient numerical method. A purely explicit finite difference
scheme together with a semi-implicit finite element scheme have been tested. The paraxial wave equation in cylindrical
coordinates

Eq. 32

is approximated by means of explicit and semi-implicit upwind schemes. To simplify notations we rewrite

Eq. 33

The operator in the propagation direction is approximated by forward differences (i.e by the mean value over the new
interval j):

Eq. 34

The fully explicit scheme, i.e. , is the most straightforward technique.  corresponds to an implicit
scheme. With the same expression for U and with  the explicit new values become
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Eq. 35

The Laplace operator in r is approximated by central differences

Eq. 36

and the final discrete system becomes

Eq. 37

Assuming a Gaussian intensity distribution at (Koechner) which models a plane wave with the initial phase equal
to zero

Eq. 38

the initial conditions due to the Gauss beam become

Eq. 39

The parameter is called the beam radius. More complex initial conditions like those imposed by pump diode arrays can
be modelled easily either by superimposing several Gauss beams or by supplying tabulated values for .

A semi-implicit finite-element scheme which allows for variable grid size in the radial direction has been studied. It has
been discarded, because the variable grid size in the z-direction which results from the deformed geometry requires the
block-tridiagonal system to be factored at each pseudo-time step. Thus, the algorithm becomes inefficient, even when
compared to the fully explicit scheme.

The purely explicit scheme obviously requires the finest resolution in the propagation direction, but it has the advantage
that the variable step size induced by the deformations can be inserted in the scheme. The semi-implicit scheme with
variable step size requires the matrix to be factored at each step. Consequently, the semi-implicit method is little cost-
effective.

The integration methods are programmed and inserted in the analysis system in the form of a new module. Thereby,
several technical problems have to be solved:

• The computational meshes for the thermal analysis as well as for the stress analysis are assumed to be the same
meshes made up of linear or quadratic isoparametric elements. Temperatures, displacements and strains/stresses
refer to this mesh.

• The optical propagation scheme mesh is much more dense (up to a factor 100) than the meshes used to
approximate the thermal problem and the stress problem. The values for the temperature and the strains must
therefore be interpolated in the optical mesh.

• It is not reasonable to store all values obtained for the optical mesh. A third mesh is therefore defined for storing,
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visualizing and processing of the results of the optical simulation.

Figure 11 displays the distribution of the amplitude for one pass. Detailed information on the numerical experiments as
well as some simplifications with respect to the solution of the paraxial wave equation are to be found in Pfistner et. al.
(1992).

For small angles of divergence, as pointed out in Pfistner et. al. (1992), the influence of energy transport perpendicular to
the direction of propagation can be neglected. Thus, the integration can be performed in the direction of propagation only,
i.e.  can be kept constant. The optical path difference  then becomes, for

Eq. 40

The different sums of Eq. 40 can easily be obtained by extracting the necessary information from the data base files. Data
is extracted either by means of the command language or by means of specially written data extraction programs.

5 Conclusion

The methods and the computational modules provide an integrated tool for parametric studies on two- and three-
dimensional objects. The individual field problems (thermal analysis, deformation analysis and optical analysis) are
integrated by means of the common data base and data structure as well as through the common language.

Parametric studies are performed on specimens with varying material properties and dimensions. While some boundary
conditions, like cooled surfaces or optical surfaces, are fixed, other may be varied. Thus, ideas like pre-stressing the
crystals, can be studied (prestressing the crystal is a way of avoiding tensile cracks in the crystal material). Stress analysis
shows that substantial tension stresses build up in the material. Since the materials have better resistance to compressive
stresses, prestress will shift stresses towards compression, i.e the maximum compressive stress will increase, whereas the

Figure 11: Propagation analysis:
Distribution of U (left) and V
(right) after one pass. pass)
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∂n εij r( ) zd
0

l

∫
i j, 1 3,=
∑+ +

0

l
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maximum tensions stresses will decrease. Since the influence of the stresses on the optical behaviour are small, pre-stress
will not modify the optical properties significantly.
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